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Abstract
A 3-bar simulation-transfer matrix method for shear lag analysis is put forward, in which the influence of section
size on internal forces and stress are taken into consideration. The inner force, stress of thin-walled box girder
considering the shear lag effects are recursively calculated. The numerical calculation results are compared with those
from the ANSYS program, which verifies the accuracy and efficiency of the method for shear lag analysis given in
this paper.
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1. introduction
Shear lag effects on box girder was one of the main reasons to concrete cracking. Many theoretical and
experimental research works have been performed by various researchers[1–8]on shear lag analysis.
Among them, The 3-bar simulation approach has been proven to be a simple and practical method in
shear lag analysis[7-8].But, this method is mainly suitable for shear lag analysis of box girders with
constant-depth cross-section.
In this paper, Li’s work is improved by presenting the initial-value solutions of 3-bar simulation
equilibrium differential equations of box beams. And moreover, to combine Li’s works with transfer
matrix method[3], the initial-value solutions are used to form related element state vector, field transfer
matrix and point matrix. A 3-bar simulation-transfer matrix method of analyzing shear lag effects is
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proposed, in which the inner force, stress of thin-walled box girder considering the shear lag effects are
recursively calculated. The validity and accuracy of present procedure are assessed by comparing results
among present procedure and finite shell element method.
2. Basic assumptions and equivalent area
Fig.1 shows the cross-sectional contour of a thin-walled box beam. The bending stress caused by
flexural load mainly borne by stiffening bar in the flange plate, and shear force is transferred by plate
between stiffening bars. Moreover, by way of the theory of same stress level, the change of equivalent
stress of flange plate is used to obtain equivalent thickness of flange plate.
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Fig.1 (a) Section dimension; (b) Loading schematic diagram
For instance, actual stress of bottom is derived as 1 1 / yMh Iσ = , equivalent stress is derived as
1 1/ ( )e eM hAσ = .Let 1 1eσ σ= , we can get
1 1 1 1
e e wA t b A= + (1)
Similarly,
2 2 0 2
e e wA t b A= + (2)
In which, 1 1 1/ ( )e st I hh b= , 2 2 0/ ( )e st I hh b= are equivalent thickness of top slab and bottom slab,
respectively. 1 1/ ( )w wA I hh= , 2 2/ ( )w wA I hh= are equivalent web’s area of top slab and bottom slab,
respectively. where, sI is the moment of inertia of the bottom slab and top slab. wI is the moment of
inertia of the web, y s wI I I= + .
We allocate the equivalent area to every stiffening bar. Web’s area is allocated to stiffening bar which
is at the juncture of web and slab. Therefore, area of side stiffening bar and intermediate stiffening bar on
top slab are 1A = 2 0 2/ 4 / 2
e wt b A+ , 2A = 2 0 / 2
et b , respectively. Area of side stiffening bar and
intermediate stiffening bar on bottom slab are 1Aʹ= 1 1 1/ 3 / 2
e wt b A+ , 2Aʹ = 1 1 / 3
et b , respectively.
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3. Governing differential equations
Fig.2 Loading state and shear deformation of up flange
Based on the previous analysis, the box girder is decomposed into stiffening bar and plate
substructures(Fig.2).According to the equilibrium and compatibility conditions, the differential equations
with respect to the shear lag on top slab are derived and given by
Side stiffening bar: 1 x
dF q q
dx
= − (3)
Intermediate stiffening bar: 2 2dF q
dx
= (4)
Intermediate plate: 2 1 2 1
2 1
1 ( )
s s
d F F
dx b b EA EA
γ ε ε−
= = − (5)
In which, q is unknown shearing flow in thin plate, qx is the shearing flow under given external loads,
and qx= Q(x)/2h, Q(x) is the shear force. E is Young’s modulus. bs is the distance between stiffening bar.
bs=bf/9as Ref.[14] suggest. Where bf=b0 for top slab, bf=b1 for bottom slab. In addition,
2
eq Gt γ= (6)
Substituting Eq.(3), Eq.(4)and Eq.(6)into Eq.(5) and simplify it,we get
2
2
2
1
x
d q Rk q q
dx A
− = − (7)
where, 221 1
2 1
2 1( )
e
s
GtR k R
Eb A A
= = + ,G is the shear modulus.
4. Initial-value solutions
A beam member under a uniformly distributed load is shown in Fig.1(b).According to the equilibrium
conditions, the shear force and total bending moment can be given, respectively, by
2
( ) (0)
( ) (0) (0) / 2
Q x Q wx
M x M Q x wx
= − ⎫
⎬
= + − ⎭
 (8)
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The general solution of differential equation (7) is obtained from boundary conditions and Eq.(8)
as follows,
2 2
Sh Sh( ) Ch (0) (0) (1 Ch ) (0) ( )kx kxq x kx q p kx R Q x R w
k k
= ⋅ + + − + − (9)
where, 2 11
2 1
d ( )( ) ( )
d
q x F Fp x R
x A A
= = − , namely
1 2( ) Sh (0) Ch (0) h (0) (Ch 1)p x k kx q kx p R kS kx Q kx R w= ⋅ + ⋅ − ⋅ + − (10)
By substituting Eqs.(9) into Eq.(3) and Eq.(4), then integrating, we can get the initial-value solution of
vertical displacement
2
1 1 2 3 2 32 2
Sh 1 Ch Sh 1 Ch( ) (0) (0) (0) ( + ) (0) ( )
2
kx kx kx kx xF x F q p R R x Q R R w
k k k k
− −
= − + + + − ,
2
2 2 2 22 2
2Sh 2(Ch 1) Sh 2(Ch 1)( ) (0) (0) (0) 2( ) (0) ( )kx kx kx kxF x F q p x R Q x R w
k k k k
− −
= + + + − + −
(11)
Eqs.(8)–(11) constitute the initial-value solutions of internal forces for thin-walled box beams under
vertical symmetric bending load with consideration of shear lag effects.
5. Field transfer matrix and point matrix of element k
Eqs.(8)-(11)are rearranged and rendered in a matrix form as follow
( ) ( ) 0( ){ } [ ] { }e e ef x k k f ku F u= (12)
where, 0( ){ }ef ku , ( ){ }ef x ku , ( )[ ]ekF are the left-hand state vector of element k , the right-hand state
vector of element k, the field transfer matrix of element k, respectively, and can be expressed as
[ ]0( ) 1 2{ } (0) (0) (0) (0) (0) (0) 1
Te
f ku q p F F M Q= ,
[ ]( ) 1 2{ } ( ) ( ) ( ) ( ) ( ) ( ) 1 Tef x ku q x p x F x F x M x Q x= .
When the beam is subjected to a concentrated load, concentrated couple or elastic bearing, a point
matrix of element is used for connecting 0( 1){ }ef ku + to ( ){ }ef x ku [5], and expressed as
0( 1) ( 1) ( ){ } [ ] { }e e ef k k f x ku P u+ += (13)
in which, 0( 1){ }ef ku + , ( 1)[ ]ekP + are the left-hand state vector of element k+1, the point matrix of element
k+1, respectively.
Combining Eqs.(12) and (13),we can get the right-hand state vector ( ){ }ef x ku of arbitrarily section in
continuous box beam, given as
( ) ( ) ( ) (2) (2) (1) 0(1){ } [ ] [ ] ...[ ] [ ] [ ] { }e e e e e e ef x k k k fu F P F P F u= (14)
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Where, the left-hand state vector 0(1){ }efu of element 1 is determined by boundary conditions.
By replacing the currently geometry parameters, the above-mentioned field transfer matrix is also
suitable for the stress and shear lag analysis of bottom slab.
6. Numerical results
In order to verify the correctness and reliability of 3-bar simulation-transfer matrix method, a three-
spans continuous box girder bridge is considered in the example as shown in Figs.3.The spans of this
bridge are 30m+55m+45m, The depth change follows a quadratic curve. E=32.5GPa and G/E=0.416.The
beam is under a vertical uniformly distributed load q=120kN/m.To evaluate the stress and shear lag
coefficient of the girder using the method given in this paper, the beam was divided into 26 elements. The
results of stress and shear lag coefficient are compared with those obtained by a finite shell element
method analysis with ANSYS program (see Tab.1 and Figs.4), which employs a 4-node plastic large
strain SHELL43 element[15].And the girder was divided into 624 shell elements using ANSYS. It can be
seen that the results are in close agreements, verifying the accuracy and efficiency of the proposed
method. It also illustrates that the proposed method is very efficient, since only few segments are needed
to achieve the desired accuracy.
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Fig.3 Model dimension, arrangement diagram of calculating section(Unit:m)
Tab.1 Stress in top slab and bottom slab (Unit:MPa)
Section Section Section
Top slab Bottom slab Top slab Bottom slab Top slab Bottom slabLocation
Beam
rib
Middle of
slab
Beam
rib
Middle of
slab
Beam
rib
Middle of
slab
Beam
rib
Middle of
slab
Beam
rib
Middle of
slab
Beam
rib
Middle of
slab
Proposed
method
-0.788 -0.525 1.149 0.818 1.242 1.052 -1.709 -1.608 -1.131 -0.782 1.561 1.189
ANSYS -0.839 -0.557 1.273 0.916 1.206 1.032 -1.962 -1.746 -1.165 -0.807 1.77 1.328
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Fig.4 (a) Shear lag coefficient in top slab; (b) Shear lag coefficient in bottom slab
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7. Conclusions
An efficient 3-bar simulation-transfer matrix method for shear lag analysis of thin-walled box girder
was presented in this paper. According to the equilibrium and compatibility conditions, the initial-value
solutions of 3-bar simulation equilibrium differential equations of thin-walled box beams are derived.
And detailed formulae of field transfer matrix and point matrix of bridge are derived. By recurrence
calculation, the inner force, stress of thin-walled box girder considering the shear lag effects are
recursively calculated. Through the numerical examples it can be concluded that the procedure possesses
better efficiency in the analysis of continuous box girder bridges with variable depth.
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